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FROM THE SIGNATURE THEOREM TO ANOMALY
CANCELLATION
ANDREAS MALMENDIER AND MICHAEL T. SCHULTZ
Abstract. We survey the Hirzebruch signature theorem as a special case of the
Atiyah-Singer index theorem. The family version of the Atiyah-Singer index the-
orem in the form of the Riemann-Roch-Grothendieck-Quillen (RRGQ) formula is
then applied to the complexified signature operators varying along the universal
family of elliptic curves. The RRGQ formula allows us to determine a generalized
cohomology class on the base of the elliptic fibration that is known in physics as (a
measure of) the local and global anomaly. Combining several anomalous operators
allows us to cancel the local anomaly on a Jacobian elliptic surface, a construction
that is based on the construction of the Poincare´ line bundle over an elliptic surface.
1. Introduction
A genus is a ring homomorphism from Thom’s oriented cobordism ring to the
complex numbers. It is known that the oriented cobordism ring tensored with the
rational numbers is a polynomial ring generated by the even dimensional complex
projective spaces. To give a genus is therefore the same thing as to give its evaluation
on all even dimensional complex projective spaces. Moreover, any genus can be
expressed uniquely as the evaluation of a stable exponential characteristic class; in
other words, a polynomial in the Pontrjagin classes of the tangent bundle evaluated
on the fundamental class of the manifold.
The signature is a ring homomorphism defined as the index of the intersection
form on the middle cohomology group. Equivalently, there is a topological index, the
Hirzebruch L-genus of a manifold. Here, the topological index equals the analytic in-
dex of the signature operator, a special kind of chiral Dirac operator. The Hirzebruch
signature theorem asserts that the topological index equals the analytic index and
implies the Hirzebruch-Riemann-Roch theorem, the first successful generalization of
the classical Riemann-Roch theorem for complex algebraic varieties of all dimensions
[Hir53,Hir54]. These theorems are special cases of the Atiyah-Singer index theorem
[AS63] for suitably defined signature operators.
When one considers a family of complexified signature operators { /Dg} – where we
denote the operators as chiral Dirac operators as in physics – acting on the sections of
suitable bundles over a fixed even-dimensional manifold M , with the operators being
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parameterized by (conformal classes of) Riemannian metrics g, one can generalize
the meaning of index and use the family version of the Atiyah-Singer index theorem
[AS71]. We will focus on the simplest nontrivial case, when M is a flat two-torus,
and g varies over the moduli space M of flat metrics. Given g ∈M, we are motivated
by the following question:
Question: Is there any anomalous behavior of the family of chiral Dirac operators
/Dg : C
∞
+ (M,Λ
∗)→ C∞− (M,Λ∗) ,
acting on complex-valued differential forms on M as g ∈M varies?
Instead of looking at conformal Riemannian structures on the two-torus M , we
identify M = C/〈1, τ〉 as quotient of the complex plane by the rank-two lattice 〈1, τ〉
in C. This is done by identifying opposite edges of each parallelogram spanned by 1
and τ , with Im(τ) > 0, in the lattice to obtain M = C/〈1, τ〉. We then endow M
with a compatible flat torus metric g that descends from the flat metric on C and
think of τ ∈ H as the complex structure on M . Here H ⊂ C is the upper half plane.
Then the moduli space of complex structures onM is given by M = H/PSL(2,Z); its
compactification is isomorphic to CP 1 and is called the j-line. Thus, we identify the
conformal class of a flat torus metric g with the isomorphism class τ of the complex
structure on M . As one varies τ over CP 1, one obtains a rational Jacobian elliptic
surface, called the universal family of elliptic curves, given as a holomorphic family
of elliptic curves (some of them singular) over the j-line. The relationship between j
and τ is clarified in Section 4.2.
The Hirzebruch signature theorem asserts that any n-manifold M arising as the
boundary of (n + 1)-manifold has vanishing signature. Thus, the numerical index of
every chiral Dirac operator /Dτ in each smooth torus fiber of the aforementioned Jaco-
bian elliptic surface vanishes since the signature of a smooth torus is zero. However,
there are points in the moduli space where the symmetry group of the elliptic curve
representing the torus fiber jumps from Z2 to another discrete group [Ser73]. It is this
sudden change in the holomorphic structure that gives rise to a so-called anomaly.
To detect this anomaly, we are interested in Quillen’s determinant line bundle
[Kvi85] Det /D → CP 1 associated with the family of Dirac operators /Dτ , and its first
Chern class c1(Det /D). As a generalized cohomology class, this class will measure
the so-called local and global anomaly, revealing crucial information about the family
of operators /Dτ . Its computation is achieved by the Riemann-Roch-Grothendieck-
Quillen (RRGQ) formula and relies on the functional determinant of the elliptic dif-
ferential operator /D
†
τ /Dτ .
This article is structured as follows: in Section 2, we introduce the fundamental
notion of the signature of a manifold both as a topological and an analytical index. In
Section 3, we investigate the structure of the oriented cobordism ring and the rational
homomorphisms on it. In the context of the signature of a manifold, this gives rise to
the Hirzebruch L-polynomials. In Section 4 we construct Quillen’s determinant line
bundle for the family of (complexified) signature operators over a Jacobian elliptic
FROM THE SIGNATURE THEOREM TO ANOMALY CANCELLATION 3
surface and compute its first Chern class by the RRGQ formula. In Section 5 we
combine several anomalous operators by coupling the original family of operators
to a holomorphic SU(2) bundle over the elliptic surface. Using the Poincare´ line
bundle over the elliptic surface, we prove that for certain Jacobian elliptic surfaces,
a holomorphic SU(2) bundle can always be constructed in such a way that the local
anomaly vanishes.
Acknowledgments. The first author acknowledges support from the Simons Foun-
dation through grant no. 202367. The second author acknowledges support from a
Research Catalyst grant by the Office of Research and Graduate Studies at Utah
State University.
1.2. The Cobordism Ring and Genera. One approach to investigating manifolds
is through the construction of invariants. In this article, we work to construct topo-
logical and geometric invariants in the category S of smooth, compact, orientable Rie-
mannian manifolds. Given two such manifolds, we may generate new objects through
the operations + (disjoint union), − (reversing the orientation), and × (Cartesian
product). These operations turn S into a graded commutative monoid, graded natu-
rally by dimension, which decomposes as the direct sum
S =
∞⊕
n=0
Mn .
Here Mn ⊆ S is the class of all smooth, compact, oriented Riemannian manifolds
of dimension n. In S, the additive operation is only well defined when restricted to
elements in the same class Mn. Furthermore, if M ∈Mk and N ∈Mj , we have the
graded commutativity relationM×N = (−1)kjN×M . The positively oriented point
{∗} serves as the unity element 1S , but S fails to be a (graded) semi-ring because
there is no neutral element 0S and there are no additive inverses. It is reasonable
to attempt to define 0S = ∅ and the additive inverse of M as −M by reversing the
orientation. However, M ∪−M 6= ∅, so the additive inverse is not well defined. If we
insist that we want such as assignment of additive inverses and 0S to turn S or some
quotient into a ring, we are led naturally to the notion of cobordant manifolds.
Definition 1.1. An oriented differentiable manifold V n bounds if there exists a com-
pact oriented manifold Xn+1 with oriented boundary ∂Xn+1 = V n. Two manifolds
V n,W n ∈Mn are cobordant if V n−W n = ∂Xn+1 for some smooth, compact (n+1)-
manifold X with boundary, where by V n−W n we mean V n∪ (−W n) by reversing the
orientation on W n.
The notion of “cobordant” is an equivalence relation ∼ on the classMn; hence we
introduce the oriented cobordism ring Ω∗ as the collection of all equivalence classes
[M ] ∈ Ωn =Mn/ ∼ for all n ∈ N,
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Ω∗ =
∞⊕
n=0
Ωn.
Note first that for any boundary V n = ∂Xn+1, V n descends to the zero element
0 = [∅] ∈ Ω∗. Since for any manifold M , we have that M −M = ∂(M × [0, 1]), the
boundary of the oriented cylinder bounded byM , it follows that on Ω∗, [M−M ] = 0.
Thus −[M ] = [−M ] for any manifold M . This in turn shows that the oriented
cobordism ring Ω∗ naturally inherits the structure of a graded commutative ring with
respect to the operations on S. For a thorough survey of cobordism (oriented and
otherwise) we refer the reader to [Sto68].
To study these structures, we look at nontrivial ring homomorphisms ψ : Ω∗ → C,
i.e., for any two suitable V,W ∈ Ω∗, the morphism ψ satisfies
ψ(V +W ) = ψ(V ) + ψ(W ) , ψ(−V ) = −ψ(V ) ,
ψ(V ×W ) = ψ(V ) · ψ(W ) .
Thus, we are interested in studying the dual space of Ω∗. This prompts the following:
Definition 1.2. A genus is a ring homomorphism ψ : Ω∗ → Q. Hence, a genus
ψ ∈ homQ(Ω∗;Q) is an element of the rational dual space to Ω∗.
This implies that if V n = ∂Xn+1 bounds, then necessarily ψ(V n) = 0, as ψ must
be compatible with the ring operations (+,−,×) and constant on the equivalence
classes of manifolds that satisfy V n −W n = ∂Xn+1.
2. The signature of a manifold
In this section, we introduce the fundamental notion of the signature of a manifold
of dimension 4k. This quantity constitutes one of the most prominent examples of
a ring homomorphism Ω∗ → Q. In fact, if the dimension of a compact manifold is
divisible by four, the middle cohomology group is equipped with a real valued sym-
metric bilinear form ι, called the intersection form. The properties of this bilinear
form allow us to define an important topological invariant, the signature of a man-
ifold. The Hirzebruch signature theorem asserts that this topological index equals
the analytic index of an elliptic operator on M , if M is equipped with a smooth
Riemannian structure.
2.1. The definition of the signature. Let M be a compact manifold of dimension
n = 4k. On the middle cohomology group H2k(M ;R), a symmetric bilinear form ι
called the intersection form, is obtained by evaluating the cup product of two 2k-
cocycles a, b on the fundamental homology class [M ] of M . Alternatively, we can
obtain ι by integrating the wedge product of the corresponding differential 2k-forms
ωa, ωb over M via the deRham isomorphism. That is, we define ι and ιdR as follows:
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ι : H2k(M ;R) ⊗ H2k(M ;R) → R
(a, b) 7→ 〈a ∪ b, [M ]〉
ιdR : H
2k
dR(M ;R) ⊗ H2kdR(M ;R) → R
(ωa, ωb) 7→
∫
M
ωa ∧ ωb .
Notice that ι is in fact symmetric since the dimension is a multiple of four.
Remark 2.1. Since M is compact, Poincare´ duality asserts that for any cocycle
a ∈ H2k(M ;R) there is a corresponding cycle α ∈ H2k(M ;R). If we assume that
the two cycles intersect transversally, then ι(a, b) can be expressed as the intersection
number of the two cycles α and β, i.e., by computing
ι(a, b) = #(α, β) =
∑
p∈α∩β
ip(α, β)
where ip(α, β) is either +1 or −1 depending on whether the orientation of the TpM
induced by the two cycles α, β agrees with the orientation of the manifold or not
[Tho54].
Sylvester’s Theorem guarantees that any non-degenerate, real valued, symmetric
bilinear form on a finite dimensional vector space can be diagonalized with only +1
or −1 entries on the diagonal. Thus, after a change of basis, we have ι ∼= Iu,v, where
Iu,v is the diagonal matrix with u entries +1 and v entries −1. This prompts the
following definition.
Definition 2.2. Let M be a compact 4k-dimensional manifold with intersection form
ι on the middle cohomology group H2k(M ;R) such that ι ∼= Iu,v. Then the signature
of M is given by sign(M) = u− v. If the dimension of M is not a multiple of four,
the signature is defined to be zero.
It turns out that the signature is a fundamental topological invariant of M : if two
4k manifolds are homeomorphic, their signature will be equal; in fact, the signature
is an invariant of the oriented homotopy class of M [Kah65,Mil56]. Furthermore, the
signature is constant on the oriented cobordism classes in Ω∗. We have the following
theorem due to Hirzebruch [Hir53].
Theorem 2.3. The signature defines a ring homomorphism sign : Ω∗ → Z. In
particular, for all k ∈ N we have sign(CP 2k) = 1.
The theorem is proved by checking that the signature is compatible with the ring
operations (+,−,×) on the classes M4k ⊆ S, k = 1, 2, . . . , by using the Ku¨nneth
theorem and writing out the definition of the signature on a basis for the mid-
dle cohomology. Furthermore, one can show that sign(M) = 0 for any manifold
M = ∂X that bounds. This is done by constructing a commutative exact ladder
for i : V 4k →֒ X4k+1, i.e., the embedding of V 4k as the boundary of X4k+1 using
Lefschetz and Poincare´ duality. The normalization for the even dimensional complex
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projective spaces CP 2k can be checked as follows: the cohomology ring H∗(CP 2k;R)
is a truncated polynomial ring in dimension 4k, generated by the first Chern class of
the hyperplane bundle H ∈ H2(CP 2k;R). It follows that H2k(CP 2k;R) is generated
by Hk, and
ι(Hk,Hk) = H2k[CP 2k] = 1.(2.1)
2.2. The signature as an analytical index. We will identify the signature of an
n-dimensional smooth, compact oriented manifold M with the index of an elliptic
operator acting on sections of a smooth vector bundle over M .1
The operator in question is the Laplace operator acting on smooth, complex valued
differential p-forms onM . Over any oriented closed n-manifoldM we have the exterior
product bundles Λp = ΛpT ∗CM of the complexified cotangent bundle T
∗
CM = T
∗M⊗C.
The complex-valued p-forms are the smooth sections ω : M → Λp; they form a vector
space which we denote by C∞(M,Λp). The vector spaces can be assembled into
the so-called de Rham complex C∞(M,Λ∗) =
⊕n
p=0C
∞(M,Λp). The summands
are connected by the exterior derivative d : C∞(M,Λp) → C∞(M,Λp+1), extended
linearly over T ∗CM , with the usual relation d
2 = 0.
Moreover, a Riemannian metric on M determines a Hermitian structure (· , ·) on
C∞(M,Λp) via the Hodge-de Rham operator ∗ : C∞(M,Λp) → C∞(M,Λn−p). The
Hodge-de Rham operator is a bundle isomorphism C∞(M,Λp)→ C∞(M,Λn−p) which
satisfies ∗2 = (−1)p(n−p)I, where I : C∞(M,Λp)→ C∞(M,Λp) is the identity. Specif-
ically, the Hodge dual of a p-form ω ∈ C∞(M,Λp) is the (n − p)-form denoted by
∗ω ∈ C∞(M,Λn−p) determined by the property that for any p-form µ ∈ C∞(M,Λp)
we have
µ ∧ ∗ω = 〈µ, ω〉volM ,
where the Riemannian structure on M induces both the inner product 〈·, ·〉 on
C∞(M,Λp) and the volume form volM . A Hermitian structure on C
∞(M,Λp) is
then defined by setting
(µ, ω) =
∫
M
µ ∧ ∗ω ,
for any two p-forms µ, ω where ω means complex conjugation. With respect to this
inner product, we obtain an adjoint operator
δ : C∞(M,Λp+1)→ C∞(M,Λp)
of the exterior derivative d defined by (dηp, ωp+1) = (ηp, δωp+1) and δ2 = 0. If n = 2m
the adjoint operator is δ = − ∗ d∗.
The operator D = d + δ : C∞(M,Λ∗) → C∞(M,Λ∗) is a first order differential
operator that, by construction, is formally self-adjoint. We call D a Dirac operator,
1The results of this section can also be phrased in terms of spinors and spin bundles. We have
chosen to leave this viewpoint out as to make the content more accessible.
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because it is, in a sense, the square root of the Laplace operator. In fact, the Laplace
operator, also called the Hodge Laplacian, is given as its square by
∆H = (d+ δ)
2 = dδ + δd .
The Hodge Laplacian is homogeneous of degree zero, i.e., ∆H : C
∞(M,Λp) →
C∞(M,Λp), and is formally self-adjoint, i.e., (∆Hω, µ) = (ω,∆Hµ) for any p-forms
ω, µ. A p-form ω is said to be harmonic if ∆Hω = 0. One then shows that ω is
harmonic if and only if ω is both closed and co-closed, i.e.,
∆Hω = 0 ⇔ dω = 0 , δω = 0 .(2.2)
In fact, every η ∈ HpdR(M ;C) has a unique harmonic representative ω such that
η = ω + dφ for some (p − 1)-form φ; this is the celebrated Hodge theorem [Hod41].
This implies that there is an isomorphism H∗dR(M,C)
∼= ker∆H .
Let us restrict to the case of an even-dimensional manifold M , i.e., n = 2m. Then,
for p = 0, . . . , 2m we define the complex operators
αp =
√−1p(p−1)+m∗ : C∞(M,Λp)→ C∞(M,Λ2m−p),
which for complex-valued differential forms are more natural than the Hodge-deRham
operator. We will denote the operators generically by α : C∞(M,Λ∗)→ C∞(M,Λ∗).
One may check that the operators α2m−p and αp are inverses, α2m−pαp = αpα2m−p = I.
Hence, the eigenvalues of αm are ±1, so the de Rham complex splits into the two
eigenspaces of α, given by α(ω) = ±ω, such that
C∞(M,Λ∗) = C∞+ (M,Λ
∗)︸ ︷︷ ︸
eigenvalue: +1
⊕
C∞− (M,Λ
∗)︸ ︷︷ ︸
eigenvalue:−1
.
The projection operators onto the two eigenspaces given by P+ = (I + α)/2 and
P− = (I − α)/2, respectively, and P+ + P− = I, P±P∓ = 0. Since α anti-commutes
with d + δ, i.e., α(d + δ) = −(d + δ)α and because of Equation (2.2), we get an
orthogonal, direct-sum decomposition of the entire de Rham cohomology according
to
H∗dR(M ;C) =
m⊕
p=0
Hp+(M ;C)⊕Hp−(M ;C) ,(2.3)
where Hp±(M ;C) = {ω ∈ HpdR(M ;C)⊕H2m−pdR (M ;C) | α(ω) = ±ω}. Notice that for
p 6= m, every element of Hp±(M ;C) necessarily has the form ω±α(ω) for a non-trivial
element ω ∈ HpdR(M ;C), and we have for all p 6= m the identity
dimHp+(M,C) = dimH
p
−(M,C) .(2.4)
We now recall the notion of an elliptic differential operator, and the notion of
its analytic index [Ho¨r63, Pal65]. Suppose we have two vector bundles E, F → M
and and a qth-order differential operator /D : C∞(M,E) → C∞(M,F ). Let T ′M
be the cotangent bundle of M minus the zero section and π : T ′M → M be the
canonical projection. Then the principal symbol of the operator /D is a linear mapping
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σ /D ∈ Hom(π∗E, π∗F ) such that σ /D(x, ρξ) = ρqσ(x, ξ) for all (x, ξ) ∈ T ′M and for
all scalars ρ. The operator /D is elliptic if the principal symbol σ /D is a fiberwise
isomorphism for all x ∈ M . It is a classical result that for an elliptic operator, the
kernel and cokernel are finite dimensional [Fre03]. The analytic index of /D is then
defined as
ind( /D) = dim(ker /D)− dim(coker /D).
If we restrict the operator D = d+ δ to the ±1-eigenspaces of α, these restrictions
become formal adjoint operators of one another. In physics, they are called chiral
Dirac operators. We denote these operators by
/D := (d+ δ)P+ = P−(d+ δ) : C
∞
+ (M,Λ
∗) → C∞− (M,Λ∗) ,(2.5)
/D
†
:= (d+ δ)P− = P+(d+ δ) : C
∞
− (M,Λ
∗) → C∞+ (M,Λ∗) ,(2.6)
where we again used the fact that α anti-commutes with D = d+ δ. We have that
/D
† /D = ∆HP+ = ∆H
∣∣∣
C∞
+
(M,Λ∗)
,
and that the operators /D and /D
†
are elliptic operators such that ker /D
†
= coker /D. To
see this, we look to the principle symbols of the first order differential operators d and
δ on the vector bundle C∞(M,Λ∗) over M . One computes their principal symbols as
σd(x, ξ) = ext(ξ) and σδ(x, ξ) = − int(ξ), respectively, signifying the exterior algebra
homomorphisms induced from the exterior product and interior product of forms,
respectively. This implies that /D + /D
†
= D is the Clifford multiplication on the
exterior algebra of forms. Therefore, σ∆H (x, ξ) = −|ξ|2I. This mapping is invertible,
and it follows that /D, /D
†
, and ∆H are elliptic operators.
For the index of the elliptic operator /D on a compact even-dimensional manifold
Mn with n = 2m we obtain
ind( /D) = dim(ker /D)− dim(ker /D†)
=
m∑
p=0
dimHp+(M ;C)− dimHp−(M ;C)
= dimHm+ (M ;C)− dimHm− (M ;C) ,
where we used ker /D
†
= coker /D and Equation (2.4).
For n = 2m withm = 2k+1 the operator αm is an isomorphism between H
m
+ (M ;C)
and Hm− (M ;C), thus ind( /D) = 0. In contrast, for n = 4k we have
ind( /D) = dimH2k+ (M ;C)− dimH2k− (M ;C) ,
and α maps H2k± (M ;C) to itself. Moreover, for n = 4k we have α = ∗ and the
decomposition into ±1-eigenspaces of α coincides with the orthogonal, direct-sum
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decomposition of H2kdR(M ;C) into self-dual and anti-self-dual, middle-dimensional,
complex differential forms. Thus, we have
H2kdR(M ;C) = H
2k
+ (M ;C)⊕H2k− (M ;C) .
On the other hand, using the deRham isomorphism, we can evaluate the intersection
form ιdR on either two self-dual or anti-self-dual 2k-forms ω, µ, to obtain
ιdR(ω, µ) = (ω, µ) ,
⇒ ιdR(ω, ω)
∣∣
ω∈H2k
±
(M,C)
= (ω, ω) = ±‖ω‖2 .
This shows that ιdR ∼= Iu,v with u = dimH2k+ (M ;C) and v = dimH2k− (M ;C), so that
the index of the Dirac operator is equal to the difference of the number of linearly
independent self-dual and anti-self-dual cohomology classes over C. Hence, we have
the following special case of the Atiyah-Singer index theorem [AS63,Hir53]:
Theorem 2.4 (Analytic index of signature operator). For all compact, oriented Rie-
mannian manifolds M of dimension 4k, the (analytic) index of the Dirac operator
defined above equals the signature of M , i.e., ind( /D) = sign(M).
3. The structure of the Cobordism ring and its genera
Having shown that the signature of a manifold M is a genus, we now investigate
the structure of the oriented cobordism ring and its rational homomorphisms. In
this spirit, it is beneficial to look at the rational oriented cobordism ring Ω∗ ⊗ Q.
Tensoring with Q kills torsion subgroups; in fact, it is known that the cobordism
groups Ωn are finite and (graded) commutative when n 6= 4k [Tho54], implying that
each such cobordism group is torsion. We shall see that Ω∗ ⊗ Q has a generator of
degree 4k for all k ∈ N. This implies that the graded commutativity of Ω∗ is erased by
tensoring with Q, leaving an honest commutative ring. Thus, the rational cobordism
ring is of the form
Ω∗ ⊗Q =
∞⊕
k=0
Ω4k ⊗Q
and forms a commutative ring with unity. We will soon be able to say much more
about the structure of this ring and provide a generating set, along with a complete
description of its dual homQ
(
Ω∗ ⊗ Q,Q
)
. This will allow for a description of the
signature of a 4k-manifold as a topological index in terms of its Pontrjagin classes.
3.1. Pontrjagin numbers. We begin with the following motivation for the Pontr-
jagin classes [MS74]. Let ξ be a real vector bundle of rank r over a topological space
B. Then the complexification ξ⊗C = ξ⊗R C is a complex rank r vector bundle over
B, with a typical fibre F ⊗ C given by
F ⊗ C = F ⊕√−1F.
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It follows that the underlying real vector bundle (ξ ⊗ C)R is canonically isomorphic
to the Whitney sum ξ⊕ ξ. Furthermore, the complex structure on ξ⊗C corresponds
to the bundle endomorphism J(x, y) = (−y, x) on ξ ⊕ ξ.
In general, complex vector bundles η are not isomorphic to their conjugate bundles
η. However, complexifications of real vector bundles are always isomorphic to their
conjugates: we have ξ ⊗ C ∼= ξ ⊗ C. Let us consider the total Chern class given as
the formal sum
c(ξ ⊗ C) = 1 + c1(ξ ⊗ C) + c2(ξ ⊗ C) + · · ·+ cr(ξ ⊗ C).
We refer the reader to [Che46] for an introduction to Chern classes. From the above
isomorphism, this expression is equal to the total Chern class of the conjugate bundle,
that is
c(ξ ⊗ C) = 1− c1(ξ ⊗ C) + c2(ξ ⊗ C)− · · ·+ (−1)rcr(ξ ⊗ C).
Thus, the odd Chern classes c2i+1(ξ ⊗ C) are all elements of order 2, so it is the
even Chern classes of the complexification ξ ⊗ C that encode relevant topological
information about the real vector bundle ξ. This prompts the following definition.
Definition 3.1. Let ξ → B be a real vector bundle of rank r. The ith rational
Pontrjagin class of ξ for 1 ≤ i ≤ r is defined as follows:
pi(ξ) = (−1)i c2i(ξ ⊗ C) ∈ H4i(B;Q) .
where c2i is the 2i
th rational Chern class of the complexified bundle ξ ⊗ C.The total
rational Pontrjagin class is the formal sum
p(ξ) =
∑
i
pi(ξ) ∈ H∗(B;Q).
The Pontrjagin classes of an oriented manifold M are the Pontrjagin classes of its
tangent bundle TM .
As a practical way to compute the Pontrjagin classes of ξ, let ∇ be a bundle
connection on ξ⊗C, and let Ω be the corresponding curvature tensor. Then the total
Pontrjagin class p(ξ) ∈ H∗dR(B;R) is a polynomial in the curvature tensor given by
the expansion of the right hand side in the formula
p(ξ) = 1 + p1(ξ) + p2(ξ) + · · ·+ pr(ξ) = det(I + Ω/2π) ∈ H∗dR(B;R).
As the total Pontrjagin class is defined as a determinant, it is immediately invariant
under the adjoint action of GL(r,R), and furthermore, that the cohomology classes of
the resulting differential forms are independent of the connection ∇ [Che52,Che44].
Suppose that M is an oriented 4k-dimensional manifold. If (i) = (i1, . . . , im) is a
partition of k, i.e. |(i)| = ∑ma=1 ia = k, then we define the corresponding rational
Pontrjagin number of M to be
p(i)[M ] =
(
pi1(TM) ∪ · · · ∪ pim(TM)
)
[M ] ∈ Q ,(3.1)
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and, if the dimension is not a multiple of four, all Pontrjagin numbers ofM are defined
to be zero. When working with the Pontrjagin classes in the de Rham cohomology
of M , the Pontrjagin numbers are given by integrating the top-dimensional form
p(i) = pi1 ∧ pi2 ∧ · · · ∧ pim over the fundamental cycle [M ], i.e.,
p(i)[M ] =
∫
M
pi1 ∧ pi2 ∧ · · · ∧ pim .(3.2)
Example 3.2. Let us compute the Pontrjagin number for the class p1/3 on CP
2.
Equip the tangent bundle of CP 2 with the Fubini-Study metric [Fub04,Stu05]. Then
in the affine coordinate chart [z1 : z2 : 1], a computation with the curvature tensor
shows that
1
3
p1 =
2
π2(|z1|2 + |z2|2 + 1)3dz1 ∧ dz1 ∧ dz2 ∧ dz2.
Integrating this form over the fundamental cycle yields∫
CP 2
1
3
p1 = 1.
As we shall see in Section 3.3, this is consistent with sign(CP 2) = 1 by Theorem 2.3.
The following explains the importance of the Pontrjagin classes [Pon47]:
Proposition 3.3 (Theorem of Pontrjagin). The evaluation of the Pontrjagin classes
are compatible with the operations (+,−,×) on Ω∗ ⊗Q. Furthermore, all Pontrjagin
numbers vanish if a manifold bounds. Thus, the Pontrjagin numbers define rational
homomorphisms Ω∗ ⊗Q→ Q.
In Proposition 3.3 compatibility with + is trivial and compatibility with − follows
from the fact that the Pontrjagin numbers are independent of the orientation [Nov65,
Nov65b]. For multiplicativity, notice that the total Pontrjagin class of the Whitney
sum satisfies p(ξ1 ⊕ ξ2) = p(ξ1)p(ξ2) up to two-torsion [Pon47]. As we are working
over Q, this equality always holds.
3.2. The rational cohomology ring and genera. We have seen in Proposition 3.3
that the Pontrjagin numbers constitute prototypes of the rational homomorphisms
Ω∗ ⊗Q → Q. It turns out that every genus can be constructed in this way [Tho54].
This follows from a remarkable relationship between the rational oriented cobordism
ring Ω∗⊗Q and the cohomology ring of the classifying space BSO for oriented vector
bundles.
We assume that M is a smooth, compact n-manifold and recall the notion of a
classifying space for oriented vector bundles.
Definition 3.4. For every oriented rank r vector bundle π : E → M , there is a
topological space BSO(r) and a vector bundle ESO(r) → BSO(r) together with a
classifying map f : M → BSO(r) such that f ∗ESO(r) = E. The space BSO(r)
is called a classifying space, and the vector bundle ESO(r) → BSO(r) is called the
universal bundle of oriented r-planes over BSO(r).
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It is known that the isomorphism class of the vector bundle E determines the
classifying map f up to homotopy. Moreover, the classifying space and the universal
bundle can be constructed explicitly as the Grassmannian of oriented r-planes over
R∞, denoted by BSO(r) = Grr(R
∞), and the tautological bundle of oriented r-planes
over it, denoted by ESO(r) = γr → BSO(r) respectively [Mil56b,Mil56c].
For any oriented rank r vector bundle E → M we can form the sphere bundle
Σ(E) → M by taking the one-point compactification of each fiber Ep of the vector
bundle over each point p ∈ M and gluing them together to get the total space. We
then construct the Thom space T (E) [Tho52] as the quotient by identifying all the
new points to a single point t0 =∞, which we take as the base point of T (E). Since
M is assumed compact, T (E) is the one-point compactification of E. Associated to
the universal bundle ESO(r) is the universal Thom space, denoted by MSO(r).
Moreover, thinking of M as embedded into E as the zero section, there is a class
u ∈ H˜r(T (E);Z), called the Thom class, such that for any fiber Ep the restriction
of u is the (orientation) class induced by the given orientation of the fiber Ep. This
class u is naturally an element of the reduced cohomology [Tho52]
H˜r(T (E);Z) ∼= Hr(Σ(E),M ;Z) ∼= Hr(E,E −M ;Z) .
It turns out that the map
H i
(
E;Z
)→ H˜ i+r(T (E);Z) , z 7→ z ∪ u ,
is an isomorphism for every i ≥ 0, called the Thom isomorphism [Tho52]. Since the
pullback map π∗ : H∗(M ;Z)→ H∗(E;Z) is a ring isomorphism as well, we obtain an
isomorphism
H i
(
M ;Z
)→ H˜ i+r(T (E);Z) , x 7→ π∗(x) ∪ u ,(3.3)
for every i ≥ 0 which sends the identity element of H∗(M ;Z) to u. The following
result of Thom is crucial [Tho54]:
Theorem 3.5. (Pontrjagin-Thom construction) For r ≥ n + 2, the homotopy group
πn+r(MSO(r),∞) is isomorphic to the oriented cobordism group Ωn.
Proof. We offer only a sketch, and refer the reader to [Tho52,Tho54,MS74] for more
details. Let M be an arbitrary smooth, compact, orientable n-manifold, and let
E → M be a smooth, oriented vector bundle of rank r. The base manifold M is
smoothly embedded in the total space E as the zero section, and hence in the Thom
space T = T (E). In particular, note that M ⊂ T − {t0}. Note that T itself is not a
smooth manifold – it is singular precisely at the base point t0. Results in [MS74] show
that every continuous map f : Sn+r → T is homotopic to a map f̂ that is smooth on
f̂−1(T−{ t0}). It follows that the oriented cobordism class of f̂−1(M) depends only on
the homotopy class of f̂ . Hence, the mapping f̂ 7→ f̂−1(M) induces a homomorphism
πn+r(T, t0)→ Ωn. We will argue that this homomorphism is surjective. We refer the
reader to [Tho54] for the proof of injectivity.
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A theorem of Whitney [Whi44] shows that M can be smoothly embedded in Rn+r.
Identifying M with its image in Euclidean space, we choose a neighborhood U of
M in Rn+r, diffeomorphic to the total space E(νr) of the normal bundle νr to M .
Let m, q ≥ n and γmq be the tautological bundle of oriented m-planes over Rm+q,
and let E(γma ) be the total space of γ
m
a , a = n, q. Applying the Gauss map for
Grassmannians, we obtain
U ∼= E(νr)→ E(γrn) ⊆ E(γrq ).
We compose this mapping with the canonical mapping E(γrn)→ T (γrq ), and let B ⊆
T (γrq ) be the smooth n-manifold identified with the zero section in the Thom space.
We have obtained a map fq : U → T (γrq ) such that f−1q (B) = M . Hence, if tq is
the base point of the Thom space T (γrq ), it follows from above that fq is homotopic
to a smooth map f̂q that is smooth on T (γ
r
q ) − {tq}. Thus, we obtain a surjective
homomorphism πn+r(T (γ
r
q ), tq) → Ωn. Taking a direct limit on q the claim follows.

Using the argument above, we can embed a representative manifold M ∈ Ωn into
MSO(r) for some r ≥ n + 2. By taking the direct limit, we make the construction
independent of the embedding [Tho54] and obtain a canonical isomorphism
Ωn ∼= lim−→
r→∞
πn+r
(
MSO(r),∞) .
Another crucial result is a theorem by Serre [Ser53] that asserts that in the range
less or equal two times the connectivity of a space, rational homotopy is the same
as rational cohomology. As shown in [Tho52], the connectivity of the Thom space
MSO(r) is (r − 1). Therefore, there are isomorphisms for all r ≥ n + 2 of the form
πn+r
(
MSO(r),∞)⊗Q ∼=−→ H˜n+r(MSO(r);Q) .
From Equation (3.3) we also have the Thom isomorphisms
Hn
(
BSO(r);Q
) −→ H˜n+r(MSO(r);Z) .
Thus, for all n ≥ 0 it follows that
Hn
(
BSO(r);Q
) ∼= πn+r(MSO(r),∞)⊗Q ∼= Ωn ⊗Q.(3.4)
Equation (3.4) together with BSO = limr→∞BSO(r) yields – after taking the appro-
priate limits on n – an isomorphism
Ω∗ ⊗Q
∼=−→ H∗(BSO;Q) .(3.5)
Equation (3.5) shows that the study of genera is equivalent to studying rational
homomorphisms H∗(BSO;Q) → Q. However, the cohomology ring H∗(BSO;Q) =
Q[p1,p2, . . . ] is easy to understand: it is a polynomial ring over Q generated by the
Pontrjagin classes {pi} of the universal classifying bundle ESO→ BSO [Tho54]. The
ring isomorphism Ω∗ ⊗ Q → H∗(BSO;Q) identifies for all 1 ≤ i ≤ k the Pontrjagin
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classes of a 4k-manifold M by pull-back pi(M) = f
∗pi under the classifying map
f : M → BSO for the tangent bundle TM .
Thus, the structure of the ring Ω∗ ⊗ Q and its dual space of rational homomor-
phisms homQ(Ω∗ ⊗ Q;Q) is now easily understood: the latter consists of sequences
of homogeneous polynomials in the Pontrjagin classes with coefficients in Q. In
fact, given a genus ψ ∈ homQ(Ω∗ ⊗ Q;Q), there exists a homogeneous polynomial
Lk ∈ Q[p1, . . . ,pk] for every degree 4k such that for any manifold M ∈ Ω4k we have
ψ([M ]) = Lk(p1, . . . , pk)[M ] ∈ Q ,(3.6)
where the evaluation is carried out according to Equation (3.1) and Equation (3.2)
[Tho54]. Hence, the homomorphism ψ is associated to a sequence of homogeneous
polynomials {L1, L2, . . . } ⊆ Q[p1,p2, . . . ], where Lk is homogeneous of degree 4k.
We summarize the results of this section in the following:
Theorem 3.6 (Rational cobordism ring). The rational oriented cobordism ring Ω∗⊗Q
is isomorphic to the cohomology ring H∗(BSO;Q). In particular, each element of
homQ(Ω∗ ⊗ Q;Q) is determined by a sequence of homogeneous polynomials in the
Pontrjagin classes.
The rich structure of H∗(BSO;Q) also tells us how to find a suitable sequence
of generators for Ω∗ ⊗ Q. Such a sequence is given by the cobordism classes of
the even dimensional complex projective spaces (thought of as real 4k-manifolds)
[Tho54]. Thus, each homomorphism is completely determined by its values on the
even dimensional complex projective spaces, i.e., the generators of Ω∗ ⊗Q.
3.3. The Hirzebruch L-genus. We now have the perspective to characterize the
signature in terms of the Pontrjagin numbers. Theorem 2.3 asserts that the signature
is a cobordism invariant sign(·) ∈ homQ(Ω∗ ⊗ Q;Q). Therefore, there must be a
collection of polynomials {Lk(p1, . . . , pk)}k∈N such that for any smooth, compact,
oriented manifold of dimension 4k the signature is
sign(M) = Lk(p1, p2, . . . , pk)[M ] ,
where the evaluation is carried out according to Equation (3.1) and Equation (3.2).
The right hand side is called the Hirzebruch L-genus [Hir53]. By Theorem 3.6, the
polynomials Lk have the general form
Lk = Lk(p1, p2, . . . , pk) =
∑
|(i)|=k
ℓ
(i)
k pi1 · · · pim .(3.7)
Let us explain how to compute a few of these L-polynomials:
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Example 3.7. Theorem 2.3 asserts that the signature takes the value 1 on all even
dimensional complex projective spaces. Thus, we have the sequence of equations
1 = sign(CP 2) = ℓ
(1)
1 p1[CP
2]
1 = sign(CP 4) = ℓ
(1,1)
2 p
2
1[CP
4] + ℓ
(2)
2 p2[CP
4] ,
...
and relations arising from the multiplicativity. The total Pontrjagin class of the even
complex projective spaces are given by p(CP 2k) = (1+H2)2k+1 with H2k+1 ≡ 0. Thus,
p1(CP
2) = 3H2 and using Equation (2.1) we obtain ℓ
(1)
1 = 1/3. Compare this result
with Example 3.2.
To find the polynomial L2, we observe that generators of Ω8 are given by CP
4 and
CP 2 × CP 2, with total Pontrjagin classes
p(CP 4) = 1 + 5H2 + 10H4 p(CP 2 × CP 2) = (1 + 3H21)(1 + 3H22) ,
where H21,H
2
2 are the generators of the respective copies of H
4(CP 2;Z). Then we have
the following system of linear equations
1 = ℓ
(1,1)
2 p
2
1[CP
4] + ℓ
(2)
2 p2[CP
4]
1 = ℓ
(1,1)
2 p
2
1[CP
2 × CP 2] + ℓ(2)2 p2[CP 2 × CP 2] ,
which evaluates to the system
1 = 25ℓ
(1,1)
2 + 10ℓ
(2)
2 , 1 = 18ℓ
(1,1)
2 + 9ℓ
(2)
2 .
The solution is ℓ
(1,1)
2 = − 145 , ℓ(2)2 = 745 . Thus we can conclude
L1 =
1
3
p1 , L2 =
1
45
(7p2 − p21) .
In general, the homogeneous polynomials Lk are found by solving a system of linear
equations on the generators of Ω4k. These are the products CP
2i1×· · ·×CP 2im where
(i1, . . . , im) ranges over all partitions of k. The calculation can be formalized with
the help of the so called multiplicative sequences. Results in [Hir53] show that the
coefficients of all polynomials {Lk}k∈N can be efficiently stored in a formal power
series Q(z) =
∑∞
i=0 biz
i with b0 = 1 that satisfies Q(zw) = Q(z)Q(w).
To find the multiplicative sequence from a formal power series Q(z), first de-
fine the Pontrjagin roots by the formal factorization of the total Pontrjagin class∑k
i=1 piz
i =
∏k
i=1(1 + tiz), that is, consider the Pontrjagin classes the elementary
symmetric functions in variables t1, . . . , tk of degree 2. Thus, given a 4k-manifold M ,
we have the formal factorization of the total Pontrjagin class
p(M) = 1 + p1 + p2 + . . . pk = (1 + t1)(1 + t2) · · · (1 + tk),
whence
p1 = t1 + · · ·+ tk , p2 = t1t2 + t1t3 + · · ·+ tk−1tk , . . .
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Then from the multiplicative property of Q we obtain
Q
(
p(M)
)
= Q(1 + t1)Q(1 + t2) · · ·Q(1 + tk).
Putting the formal variable z back into the equation, it turns out that the equation
k∑
i=0
Li(p1, . . . , pi) z
i +O(zk+1) =
r∏
i=1
Q(1 + tiz)
can be used to calculate the polynomial Lk recursively. The following result is crucial:
Lemma 3.8 ([Hir53,MS74]). The coefficient of pi1 · · · pim in Lk in Equation (3.7)
corresponding to the partition (i) = (i1, . . . , im) with i1 ≥ · · · ≥ im and
∑
ia = k is
calculated as follows: let s(i)(p1, . . . , pk) be the unique polynomial such that
s(i)(p1, . . . , pk) =
∑
ti11 · · · timm .
Then the coefficient of pi1 · · · pim in Lk is s(i)(b1, . . . , bk), where Q(z) =
∑∞
i=0 biz
i is
the formal power series of the genus. Furthermore, the polynomial Lk is given by
Lk(p1, . . . , pk) =
∑
(i)
s(i)(b1, . . . , bk) p(i) ,
where the sum is over all partitions (i) of k and p(i) = pi1 · · · pim.
Lemma 3.8 allows one to compute the multiplicative sequence of polynomials
{Lk(p1, . . . , pk)}k∈N from a formal power series Q(z), and conversely, from a given for-
mal power series Q(z), the multiplicative sequence of polynomials {Lk(p1, . . . , pk)}k∈N.
This leads to the following [Hir53]:
Theorem 3.9 (Hirzebruch signature theorem). Let {Lk(p1, . . . , pk)}k∈N be the mul-
tiplicative sequence of polynomials corresponding to the formal power series
Q(z) =
√
z
tanh
√
z
= 1 +
1
3
z − 1
45
z2 +
2
945
z3 − 1
4725
z4 + . . . .
For any smooth, compact, oriented manifold M of dimension 4k the signature is
sign(M) = Lk(p1, p2, . . . , pk)[M ] .
Let us illustrate the use of the theorem in the following:
Example 3.10. A computation with the first two symmetric polynomials gives
s2(p1, p2) = p
2
1 − p2 = t21 + t22 , s1,1(p1, p2) = p2 = t1t2 .
Hence, we have
L2 = s2(1/3,−1/45)p2 + s1,1(1/3,−1/45)p21 =
1
45
(7p2 − p21) ,
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which confirms the computation for L2 above. Similarly, one checks that
s3(p1, p2, p3) = p
3
1 − 3p1p2 + 3p3 = t31 + t32 + t33 ,
s2,1(p1, p2, p3) = p1p2 − 3p3 = t21t2 + t1t22 + . . . ,
s1,1,1(p1, p2, p3) = p3 = t1t2t3 ,
and one obtains
L3 =
1
945
(
62p3 − 13p2p1 + 2p31
)
.
For CP 6 we have p1 = 7H
2, p2 = 21H
4, p3 = 35H
6 so that L3[CP
6] = 1 when using
Equation (2.1).
We close this section with several remarks on the Hirzebruch signature theorem:
Remark 3.11. The signature is an integer, so the Hirzebruch signature theorem im-
poses non-trivial integrality constraints on the rational combinations of the Pontrjagin
numbers determined by the L-polynomials.
Remark 3.12. The signature is an oriented homotopy invariant, whereas the L-
polynomials are expressed in terms of Pontrjagin classes that rely heavily on the tan-
gent bundle, and thus on the smooth structure, and orientation. This fact was used by
Milnor to detect inequivalent differentiable structures on the 7-sphere [Mil56]. Accord-
ing to a theorem of Kahn [Kah65], the L-genus is (up to a rational multiple) the only
rational linear combination of the Pontrjagin numbers that is an oriented homotopy
invariant.
Remark 3.13. Combining Theorem 2.4 and Theorem 3.9 implies that for a compact,
oriented Riemannian manifold M of dimension 4k, the index of the chiral Dirac
operator /D is given by
ind( /D) = Lk(p1, . . . , pk)[M ] =
∫
M
Lk .(3.8)
This statement is a special case of the celebrated Atiyah-Singer index theorem, which
proves that for an elliptic differential operator on a compact manifold, the analytical
index equals the topological index defined in terms of characteristic classes [AS63].
Remark 3.14. The signature complex can be twisted by a complex vector bundle
ξ →M of rank r [ASZ84,EGH80]. The coupling of the complexified signature complex
to the vector bundle ξ yields a twisted chiral Dirac operator
/D
ξ
: C∞+ (M,Λ
∗ ⊗ ξ)→ C∞− (M,Λ∗ ⊗ ξ) .
For simplicity, we will assume c1(ξ) = 0 and that the dimension of the manifold M
is 4. Then the effect of the twisting on the index is as follows:
ind( /D
ξ
) = r · ind( /D)−
∫
M
c2(ξ) ,(3.9)
where c2(ξ) is the second Chern class of the complex bundle ξ →M of rank r.
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4. The determinant line bundle and the RRGQ formula
In this section we consider the family of (complexified) signature operators { /Dg}
– where we denote the operators as chiral Dirac operators defined in Section 2.2 –
acting on sections of suitable bundles over a fixed even-dimensional manifoldM , with
the operators being parameterized by (conformal classes of) Riemannian metrics g.
We will focus on the simplest nontrivial case, when M is a flat two-torus, and g varies
over the moduli space M of flat metrics.
Given a two-torus M equipped with a complex structure τ ∈ H, we identify
M = C/〈1, τ〉 where 〈1, τ〉 is a rank-two lattice in C. This is done by identifying
opposite edges of each parallelogram spanned by 1 and τ in the lattice to obtain
M = C/〈1, τ〉. We endow M with a compatible flat torus metric g that descends
from the flat metric on C. Following Section 2.2 we define an operator D = d+ δ on
the even dimensional manifold M . The complexified signature operator, written as
a chiral Dirac operator /Dτ , is obtained from D in Equation (2.5). The subscript τ
reminds us of the dependence on the metric, and hence choice of complex structure,
in the definition of δ. We ask: as τ varies, is there anomalous behavior in the family
of chiral Dirac operators (acting on complexified differential forms)
/Dτ : C
∞
+ (M,Λ
∗)→ C∞− (M,Λ∗) ?
A more refined question is the following: consider a Jacobian elliptic surface, given
as a holomorphic family of elliptic curves Et (some of them singular) over the complex
projective line CP 1 ∋ t; the exact definition and the relation between τ and t will be
discussed below. The numerical index of the chiral Dirac operator /Dt vanishes since
the signature of each smooth fiber Et, is zero – a smooth torus forms the boundary of a
smooth compact 3-manifold. Thus, the numerical index does not yield any interesting
geometric information.
As a more refined invariant, we are interested in the determinant line bundle
Det /D → CP 1 associated with the family of Dirac operators /Dt, and its first Chern
class c1(Det /D). As a generalized cohomology class, this class will measure the so-
called local and global anomaly, revealing crucial information about the family of
operators /Dt, and it is this quantity that we will be studying for the remainder of
this article.
4.1. The determinant line bundle. For an elliptic differential operator /D on a
compact manifold M , the kernel and cokernel are finite dimensional vector spaces;
thus, one can define the one-dimensional vector space
Det /D = (Λmax ker /D)∗ ⊗ (Λmax coker /D).(4.1)
The vector space Det /D is the dual of the maximal exterior power of the index Ind /D
of D, that is, the formal difference of ker /D and coker /D, given by
Ind /D = ker /D − coker /D.
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Let π : Z → B be a smooth fibre bundle with compact fibers, and E and F be
smooth vector bundles on Z, with a smooth family of elliptic operators /D = ( /Dt)t∈B
acting on the fibers π−1(t) as
/Dt : C
∞(π−1(t), E)→ C∞(π−1(t), F ) .
Even though the dimensions of the kernel and cokernel of /Dt can jump, it turns out
that that there is a canonical structure of a differentiable line bundle on the family
of one-dimensional vector spaces {Det /Dt}t∈B [Bos87]. Equivalently, we can say that
the one-dimensional vector spaces {Det /Dt}t∈B patch together to form a line bundle
Det /D → B. We remark that the formal difference used to define the index Ind /D
also makes sense in the context of K-theory, i.e., as a well-defined index bundle, an
element of the K-theory group K(B) [AS71].
We choose a smooth family of Riemannian metrics on the fibers π−1(t), and smooth
Hermitian metrics on the bundles E and F . Then, for any t ∈ B, the adjoint operator
/D
†
t is well defined, and the vector spaces ker /Dt and ker /D
†
t have natural L
2 metrics,
which in turn define a metric ‖ · ‖L2 on Det /Dt. However, because of the jumps in
the dimensions of the kernel and cokernel, this does not define a smooth metric on
the line bundle Det /D → B. Instead, a way to assign a smooth metric is the Quillen
metric, which uses the analytic torsion of the family ( /Dt)t∈B to smooth out the effect
these jumps [Bos87]. The Quillen metric on Det /D → B is given by
‖ · ‖Q = ( det′ /D†t /Dt)
1
2 ‖ · ‖L2 ,
where det′ /D
†
t /Dt is the analytic torsion of the family of operators ( /Dt)t∈B. It is crucial
that the operators ∆t = /D
†
t /Dt form a family of positive, self-adjoint operators acting
on sections of a vector bundle over compact manifolds.
The analytic torsion, or regularized determinant of a positive, self-adjoint operator
∆ acting on sections of a vector bundle over a compact manifold is defined as follows:
by the hypotheses on ∆, it follows that the operator ∆ has a pure point spectrum
of eigenvalues, denoted by {λj} ⊂ R≥0. If there were only finitely many eigenvalues,
then we could write down the identity
d
ds
∑
λj 6=0
λ−sj
∣∣∣∣∣
s=0
= −
∑
λj 6=0
log λj,
and compute the product of eigenvalues, i.e., the determinant of the operator ∆, as
∏
λj 6=0
λj = exp
∑
λj 6=0
log λj
 .
Since there are infinitely many eigenvalues, we define a ζ-function instead, given by
ζ∆(s) =
∑
λj 6=0
λ−sj .
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It turns that ζ∆(s) is a well defined holomorphic function for Re(s) ≫ 0 with a
meromorphic continuation to C such that s = 0 is not a pole of ζ∆ [Bos87, RS73].
Then, the regularized determinant det′∆ of ∆ is defined as
det′∆ = exp
(− ζ ′∆(0)) ,(4.2)
where the prime on det′∆ indicates that the zero eigenvalue has been dropped.
4.2. Jacobian elliptic surfaces. Let Z be a compact connected complex manifold
of dimension two. This means that at every point of Z there are two local complex
coordinates and the change of coordinate charts are holomorphic maps. We call Z
an algebraic surface if and only if the field of global meromorphic functions of Z
allows us to separate all points and tangents. That is, (i) for every two points there
is a global meromorphic function on Z that has different values at the two points,
and (ii) for every point there are global meromorphic functions on Z that define the
local coordinates around the given point. An elliptic fibration over CP 1 on Z is a
holomorphic map π : Z → CP 1 such that the general fiber of π−1(t) is a smooth
curve of genus one with t ∈ CP 1. An elliptic surface is an algebraic surface with a
given elliptic fibration. Since a curve of genus one, once a point has been chosen, is
isomorphic to its Jacobian, i.e., an elliptic curve, we call an elliptic surface a Jacobian
elliptic surface if it admits a section that equips each fiber with a smooth base point.
In this way, each smooth fiber is an abelian group and the base point serves as the
origin of the group law.
To each Jacobian elliptic fibration π : Z → B ∼= CP 1 there is an associated
Weierstrass model obtained by contracting all components of fibers not meeting the
section. If we choose t ∈ C as a local affine coordinate on CP 1 and (x, y) as local
coordinates of the elliptic fibers, we can write the Weierstrass model of an elliptic
curve as
(4.3) y2 = 4 x3 − g2(t) x− g3(t) ,
where g2 and g3 are polynomials in t of degree four and six, or, eight and twelve if Z
is a rational surface, i.e., birational to CP 2, or a K3 surface, respectively. Since we
contracted all components of the fibers not meeting the zero-section, the total space
of Equation (4.3) is always singular with only rational double point singularities
and irreducible fibers, and Z is the minimal desingularization. The discriminant
∆ = g32 − 27 g23 vanishes where the fibers of Equation (4.3) are singular curves. It
follows that if the degree of the discriminant ∆ is a polynomial of degree 12 (or 24),
considered as a homogeneous polynomial on CP 1, then the minimal desingularization
of the total space of Equation (4.3) is a rational elliptic surface (resp. K3 surface).
In his seminal paper [Kod63], Kodaira realized the importance of elliptic surfaces
and proved a complete classification for the possible singular fibers of the Weierstrass
models. Each possible singular fiber over a point t0 with ∆(t0) = 0 is uniquely
characterized in terms of the vanishing degrees of g2, g3,∆ as t approaches t0. The
classification encompasses two infinite families (In, I
∗
n, n ≥ 0) and six exceptional
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cases (II, III, IV, II∗, III∗, IV ∗). Note that the vanishing degrees of g2 and g3 are
always less or equal to three and five, respectively, as otherwise the singularity of
Equation (4.3) is not a rational double point.
Closely related is the j-function, a holomorphic map j : B → CP 1 that can be
computed from a Weierstrass model using the formula
j =
g32
∆
.(4.4)
Every smooth elliptic fiber Et = π−1(t) is a complex torus, and thus can be identified
with a rank-two lattice Λ to obtain Et ∼= C/Λ. However, multiplying the lattice Λ by
certain complex numbers (which corresponds to rotating and scaling the lattice) can
preserve the isomorphism class of an elliptic curve. Hence we can always arrange for
the lattice to be generated by 1 and some complex number τ ∈ H in the upper half
plane; we write Λτ = 〈1, τ〉. Moreover, two τ -parameters τ1 and τ2 in H belong to
isomorphic elliptic curves if and only if
τ2 =
aτ1 + b
cτ1 + d
for some
(
a b
c d
)
∈ PSL(2,Z) ,
where the modular group PSL(2,Z) acts (projectively) on H. It can be shown that
the action of the modular group on the fundamental domain
D =
{
τ ∈ H
∣∣∣∣ Re(τ) ≤ 12 , |τ | ≥ 1
}
generatesH [Ser73] such that the moduli space of isomorphism classes of elliptic curves
is realized as H/PSL(2,Z) ∼= D. The one point compactifaction D ∪ {∞} = CP 1
is also called the coarse moduli space of elliptic curves. The “corners” of D are of
fundamental importance: these are the numbers ρ = e2πi/3, i, and −ρ = eπi/3.
It can be shown that under the identification Et ∼= C/Λτ the discriminant ∆ be-
comes a modular form of weight twelve, and g2 one of weight four, so that its third
power is also of weight twelve. For example, we may express the discriminant as
∆τ = e
2πiτ
∞∏
r=1
(
1− e2πiτr)24 .(4.5)
Thus, the quotient in Equation (4.4) is amodular function of weight zero, in particular
it defines a holomorphic function j : H→ CP 1 invariant under the action of PSL(2,Z)
such that for every smooth elliptic fiber Et ∼= C/Λτ we have j(t) = j(τ) and ∆(t) = ∆τ .
A more careful examination of the behavior at the corners yields j(ρ) = 0, j(i) = 1,
and j(−ρ) =∞.
As an example, we consider the Jacobian elliptic surface π : S → CP 1 given by the
Weierstrass model
y2 = 4x3 − 27t(t− 1)3x− 27t(t− 1)5 ,(4.6)
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where t is the affine coordinate on the base curve with [t : 1] ∈ CP 1. This family was
considered in [Sti80], and it follows from definitions that
∆(t) = 273t2(t− 1)9 , j(t) = g
3
2
∆
= t .(4.7)
The fibers over t = 0, 1,∞ are singular; in the language of Kodaira’s classification
result, the singular fibers over t = 0, 1,∞ correspond to fibers of type II, III∗, and
I1, respectively [Kod63]. The total space S of Equation (4.6) is singular, and its
minimal desingularization is the rational elliptic surface S. It is a rational Jacobian
elliptic surface whose j-function is the coordinate on the base curve itself, it is also
called the universal family of elliptic curves. We call the base curve the j-line and
denote it by J = CP 1.
Notice that if one has a local affine coordinate t on a base curve B, and one replaces
g2 by g2t
2 and g3 by g3t
3 in Equation (4.3), the j-function in Equation (4.4) is left
invariant. This operation, called a quadratic twist, does change the nature of the
singular fibers: it switches In and I
∗
n fibers, as well as II and IV
∗, IV and II∗, and
III and III∗. Therefore, the j-function does not determine the elliptic surface, not
even locally. However, the quadratic twist is the only way that two Jacobian elliptic
surfaces can have the same j-function, and conversely, a Jacobian elliptic fibration is
uniquely determined by the j-function up to quadratic twist. Moreover, the canonical
holomorphic map j : B → J in Equation (4.4) can be lifted to a (rational) map
between the elliptic surfaces Z and S themselves. Thus, we have the following:
Corollary 4.1. Let π : Z → B = CP 1 be a Jacobian elliptic surface. There is a
canonical holomorphic map j : B → J that uniquely determines the Jacobian elliptic
surface Z up to quadratic twist. Moreover, there is an induced rational map Z 99K S
between the total spaces. The map j has degree 1 or 2 if Z is a rational or a K3
surface, respectively.
Let π : Z → B ∼= CP 1 be a Jacobian elliptic surface introduced in Section 4.2.
Using the adjunction formula, we define the relative canonical bundle KZ|B of the
elliptic surface in terms of the canonical bundles of Z and B, respectively, by writing
KZ|B = KZ ⊗ (π∗KB)−1 .
The bundle KZ|B can be identified with the line bundle of vertical (1, 0)-forms of the
fibration π : Z → B. Using the push-forward operation π∗KZ|B in algebraic geometry,
we obtain a bundle K = π∗KZ|B → B. We have the following:
Lemma 4.2. On a Jacobian elliptic surface Z → B ∼= CP 1 given by Equation (4.3)
we have K = π∗KZ|B ∼= O(n) with n = 1 if Z is rational and n = 2 if Z is a K3
surface.
Proof. Over the open set ∆(t) 6= 0 a canonical section of KZ|B is given by the holo-
morphic one-form dx/y. The proof follows from the fact that a change of coordinates
in Equation (4.3) is given by (t, x, y) 7→ (t′, x′, y′) = (1/t, x/t2n, y/t3n) as g2 and g3
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are polynomials of degree 4n and 6n, respectively. Thus, the holomorphic one-form
transform dx/y 7→ dx′/y′ = tn dx/y whence K ∼= O(n). 
We can rephrase the construction of the Weierstrass model in Equation (4.3) in
terms of sections of the relative canonical bundle. We will use this point of view
later. Let L → B be a line bundle on B ∼= CP 1, and g2 and g3 sections of L4 and
L6, respectively, such that the discriminant ∆ = g32 − 27 g23 is a section of L12 not
identically zero. Define P := P(O ⊕ L2 ⊕ L3) and let p : P → B be the natural
projection and OP(1) the tautological line bundle. We denote by X , Y , and Z the
sections of OP(1)⊗L2, OP(1)⊗L3, and OP(1), respectively, which correspond to the
natural injections of L2, L3, and O into p∗OP(1) = O ⊕ L2 ⊕ L3. We denote by W
the projective variety in P defined by the equation
Y 2Z = 4X3 − g2(t)XZ2 − g3(t)Z3 .
Its canonical section σ : CP → W is given by the point [X : Y : Z] = [0 : 1 : 0]
such that Σ := σ(CP 1) ⊂ W is a divisor on W , and its normal bundle is isomorphic
to the fundamental line bundle by p∗OP
(−Σ) ∼= L. In the affine chart Z = 1, and
X = x, Y = y the one-form dx/y is a section of the bundle L−1; hence, the dual of
the normal bundle, also called the conormal bundle, is precisely the relative canonical
bundle introduced above, i.e., L−1 ∼= K.
4.3. The analytic torsion for families of elliptic curves. Let us compute the
analytic torsion for the Laplacian ∆H = (d + δ)
2 from Section 2.2 in the special
situation where the even dimensional manifold M is an elliptic curve E , i.e., a flat
two-torus equipped with a complex structure. We use the identification E ∼= C/〈1, τ〉,
the local coordinate z = x+ iy on C, and the notation ∂ = ∂z and ∂¯ = ∂z. We have
the following:
Lemma 4.3. Let E ∼= C/〈1, τ〉 be a smooth elliptic curve endowed with the compatible
flat torus metric g. The Laplacian when restricted to C∞(E) equals ∆H = −4∂∂¯, and
its analytic torsion is given by
det′∆H =
(
Im(τ)
2π
)2
|∆τ | 16 ,(4.8)
where ∆τ is the modular discriminant of the elliptic curve E in Equation (4.5). More-
over, the same answer holds for ∆H restricted to C
∞(E , T ∗CE (1,0)).
Proof. On E the operator −∆H is a positive, self adjoint operator. Endowing E with
a compatible flat metric shows that for a local coordinate z = x + iy, we have the
scalar Laplacian as
∆H = −(∂2x + ∂2y) = −4
(
1
2
(∂x − i∂y)1
2
(∂x + i∂y)
)
= −4∂z∂z = −4∂∂¯.
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The equality holds for the Laplacian acting on p-forms since one checks that
∆H : f 7→ −4∂z∂zf , f ∈ C∞(E) ,
∆H : φ = (fdz + gdz) 7→ −4(∂z∂zfdz + ∂z∂zgdz) , φ ∈ C∞(E ,Λ1) ,
∆H : ω = fdz ∧ dz 7→ −4∂z∂zfdz ∧ dz , ω ∈ C∞(E ,Λ2) .
A function ϕ with a periodicity given by
ϕ(x+ 1, y) = ϕ(x, y) , ϕ(x+ Re τ, y + Im τ) = ϕ(x, y) ,
descends to a well defined function on E . For n1, n2 ∈ N such a function is given by
ϕn1,n2(x, y) = exp 2πi
(
n1x+
(n2 − n1Re τ)
Im τ
y
)
.
In fact, the functions ϕn1,n2 constitute a complete system of eigenfunctions for ∆H
with the eigenvalues
λn1,n2 =
(
2π
Im τ
)2
|n1τ − n2|2 .
Notice that we have ∆Hϕn1,n2 = λn1,n2ϕn1,n2dz ∧ dz and then use the Ka¨hler form to
identify dz ∧ dz with 1. We define a ζ-function ζ(s) by setting
ζ(s) =
∑′
n1,n2
1
|n1τ − n2|2s
,(4.9)
where the prime indicates that the summation does not include n1 = n2 = 0. One
checks that ζ(s) is absolutely convergent for Re(s) > 1, has a meromorphic extension
to C, and 0 is not a pole. It was shown in [RS73] that ζ(0) = −1. The regularized
determinant of ∆H is then given by
ln det∆H = −
[
1(
2π
Im τ
)2s ζ(s)
]′
= −ζ ′(0) + ln
(
2π
Im τ
)2
ζ(0) .
It was shown in [RS73] that exp [−ζ ′(0)] = |η(τ)|4 using the Kronecker limit formula
where the Dedekind η-function is given by
η(τ) = e
pii τ
12
∞∏
r=1
(
1− e2πiτr) .(4.10)
It follows from Equation (4.5) that
det′∆H =
(
Im(τ)
2π
)2
|∆τ | 16 .(4.11)
A similar argument can be repeated for the sections
ϕn1,n2(z) dz ∈ C∞(E , T ∗CE (1,0)) .(4.12)
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Applying ∂¯ we obtain
−
( π
Im τ
)
(n1τ − n2) ϕn1,n2(z) dz ∧ dz .
Contracting with the Ka¨hler form and applying ∂ shows that the sections in Equa-
tion (4.12) form a complete system of eigenfunctions for ∆H restricted to the vector
space C∞(E , T ∗CE (1,0)). 
It follows from the definitions in Section 2.2 that
/D = (d+ δ)P+ = ∂¯
† + ∂¯
∣∣∣
C∞
+
(M,Λ∗)
, /D
†
= (d+ δ)P− = ∂
† + ∂
∣∣∣
C∞
−
(M,Λ∗)
.
Recall that the kernel and cokernel of the chiral Dirac operator /D in Equation (2.5)
are given by self-dual and anti-self-dual generators of the deRham cohomology classes,
respectively, i.e., by elements of H∗±(E ;C) = {ω ∈ H∗(E ;C) | α(ω) = ±ω}. On an
elliptic curve E , the forms 1− 1
2
dz ∧ dz and dz are self-dual, and similarly the forms
1+ 1
2
dz ∧ dz and dz are anti-self-dual. Here dz and dz are section of the holomorphic
cotangent bundle T ∗CE (1,0) = KE (also called the canonical bundle), and the bun-
dle T ∗CE (0,1) = KE , respectively. These (anti-)self-dual differential forms descend to
generators of Hp+(E ;C) and Hp−(E ;C), respectively, for p = 0, 1.
We now consider the Jacobian elliptic surface π : S → J = CP 1 from Section 4.2.
The elliptic fiber Et = π−1(t) given by Equation (4.6) is a smooth elliptic curve
with discriminant ∆(t) for t ∈ J∗ = J − {0, 1,∞}. The chiral Dirac operator /Dt
in Equation (2.5) on each smooth elliptic fiber Et is the sum /Dt = ∂¯t ⊕ ∂¯†t of the
operators
∂¯t : C
∞
(Et)→ C∞(Et, KEt) , ∂¯†t : C∞(Et, KEt)→ C∞(Et) ,
where KEt denotes the conjugate of the canonical bundle of Et. For our purposes, it
is not necessary to investigate both components of the operator /Dt; this follows from
the factorization of the Laplacian in Lemma 4.3. Thus, we will focus on the operator
∂¯t and its determinant line bundle Det ∂¯ → J∗.
It turns out that the vector spaces Hp+(Et;C) and Hp−(Et;C), respectively, for p =
0, 1, patch together to form smooth line bundles over J∗ with a smooth Hermitian
metrics. The vector spaces H0+(Et;C) and H0−(Et;C) each form a trivial line bundle
C → J∗. Similarly, the vector spaces KEt generated by dz on each elliptic curve Et
patch together to generate the bundle of vertical (1, 0)-formsKS|J → J in Lemma 4.2.
Since we have described the kernel and cokernel of the chiral Dirac operator ∂¯t, it
follows from Equation (4.1) that for each t ∈ J∗ = J −{0, 1,∞} we have fiberwise an
identification
Det ∂¯t ∼= KS|J
∣∣∣
t
.
Moreover, the Quillen metric induces a canonical holomorphic structure on the de-
terminant line bundle Det ∂¯ → J∗; see [Bos87]. We have the following:
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Proposition 4.4. Let s be the canonical holomorphic section of Det ∂¯ → J∗. For
each t ∈ J∗ = J − {0, 1,∞} the Quillen norm of the section s is given by
‖s‖2Q =
Im(τ)2
4π2
|∆(t)| 16 .(4.13)
Proof. For each t ∈ J∗ = J − {0, 1,∞} we identify Et = C/〈1, τ〉 such that j(τ) =
j(t) = t and ∆τ = ∆(t). We identify the one-form dx/y in Lemma 4.2 with dz in each
smooth fiber Et generating coker ∂¯t. Similarly, the constant function 1 generates ker ∂¯t.
We have ‖1‖2L2 = ‖dz‖2L2 = 2 Im(τ), thus the canonical section s of ker ∂¯∗ ⊗ coker ∂¯
satisfies ‖s‖L2 = 1 and
‖s‖2Q = det′ ∂¯†t ∂¯t ‖s‖2L2 =
Im(τ)2
4π2
|∆τ | 16 ,
where we used Equation (4.8) for the analytic torsion. 
4.4. The RRGQ formula. We observe that since ∆(t) = 0 for t = 0, 1,∞, we have
that the Quillen norm vanishes at the punctures on J∗. The holomorphic determinant
line bundle Det ∂¯ → J∗ = CP 1 − {0, 1,∞} is locally trivial by means of the section
s in Theorem 4.4 and in general does not extend to a bundle on the entire j-line
J ∼= CP 1. Using the section s we can compute the first Chern class of the bundle
Det ∂¯ → J∗. We can then extend the curvature form representing the first Chern
class to the entire j-line J by allowing so-called currents. These currents reflect the
monodromy of s around the punctures of J∗.
In general, let (ξ, ‖·‖) be a holomorphic vector bundle over a complex algebraic vari-
ety, equipped with a smooth Hermitian metric. Then there exists a unique connection
on ξ compatible with the holomorphic structure and the metric ‖·‖. From Chern-Weil
theory, there is a differential form representing the first Chern class c1(ξ, ‖ · ‖) in the
deRham cohomology. We have the following result [BB88]:
Lemma 4.5. The representative in the de Rham cohomology of the first Chern class
c1(ξ, ‖ · ‖) is given by
c1
(
ξ, ‖ · ‖) = 1
2πi
∂∂¯ log ‖s‖2(4.14)
where s is a nonzero holomorphic section of ξ.
Trying to extend the bundle from J∗ to J , the points where s vanishes can cause
problems, since for at these points we may obtain current contributions to the curva-
ture, which are distribution-valued differential forms. Currents arise naturally from
the classical Cauchy integral formula for single variable complex analysis [GH94], such
as
∂¯
(
1
2πi
dt
t
)
= δ(t=0)(4.15)
where δ(t=0) is the Dirac delta function centered at t = 0. The current contributions
in a generalized first Chern class encode the holonomy of the trivializing section s
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of the holomorphic determinant line bundle around the punctures of J∗. The com-
putation of the generalized first Chern class is achieved by the so-called Riemann-
Roch-Grothendieck-Quillen formula or RRGQ formula for short; see [BK86,BK86b,
BF,Kvi85]. In the special situation of the Jacobian elliptic surface π : S → J ∼= CP 1
given by Equation (4.6) and the holomorphic determinant line bundle Det ∂¯ → J∗ =
J − {0, 1,∞} constructed above, we have the following:
Theorem 4.6 (RRGQ). In the situation described above, the generalized first Chern
class of the determinant line bundle Det ∂¯ → J∗ is given by
c1
(
Det ∂¯, ‖ · ‖Q
)
= − 1
12
(
2 δ(t=0) + 9 δ(t=1) + δ(t=∞)
)
+ c1(K)(4.16)
where c1(K) is the first Chern class of the line bundle K = π∗KS|J ∼= O(1)→ J .
Proof. Recall that the Quillen norm of the canonical holomorphic section s in Propo-
sition 4.4 is given by ‖s‖2Q = Im(τ)
2
4π2
|∆(t)| 16 . The discriminant ∆(t) of the Weierstrass
equation defining the Jacobian elliptic surface π : S → J ∼= CP 1 was given in Equa-
tion (4.7) where we found ∆(t) = 273t2(t− 1)9 which vanishes at t ∈ {0, 1,∞}.
Plugging the canonical section s of Theorem 4.4 into Equation (4.14) and applying
the argument principle of Equation (4.15) yields
1
2πi
∂∂¯ log ‖s‖2Q = −
1
12
(
2δ(t=0) + 9δ(t=1) + δ(t=∞)
)
+ j∗
(
i
4π Im(τ)2
dτ ∧ dτ
)
,
where we used the j-function j : H/PSL(2,Z)→ J with j(τ) = t. Since the Poincare´
metric on the hyperbolic upper half plane is given by
i
2π Im(τ)2
dτ ∧ dτ = dx ∧ dy
πy2
,
and the j-function is a complex diffeomorphism, it follows that
j∗
(
i
2π Im(τ)2
dτ ∧ dτ
)
= c1
(
TCJ
(1,0)
)
.
We have J ∼= CP 1 and TCJ (1,0) ∼= O(2). Since the first Chern class of products of
line bundles on J is additive, i.e., c1(ξ1 ⊗ ξ2) = c1(ξ1) + c1(ξ2) it follows that the
continuous part of c1(Det ∂¯) is the first Chern class of O(1). Using Lemma 4.2 the
claim follows. 
4.5. Extension as a meromorphic connection. The RRGQ formula is the key to
studying the anomalies of the fiberwise Cauchy-Riemann operator ∂¯t on a Jacobian
elliptic surface. In particular, in the smooth category, the local anomaly is the first
Chern class of the determinant line bundle [Bos87], and it is computed as the line
bundle’s curvature tensor. Hence if the curvature vanishes, then the bundle has no
local anomaly. Conversely, Theorem 4.6 proves that the determinant line bundle of
the fiberwise Cauchy-Riemann operators ∂¯t on the Jacobian elliptic surface π : S →
J ∼= CP 1 given by Equation (4.6) has a non-vanishing local anomaly.
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Moreover, the current contributions encode the holonomy of the trivializing section
s for the bundle Det ∂¯ → J∗ = J − {0, 1,∞} around the punctures over which
the Weierstrass model has singular fibers. This represents the global anomaly of the
bundle. To analyze the holonomy group we have the following:
Lemma 4.7. There is a flat holomorphic line bundle M∗ → J∗ with Z12-holonomy
such that Det ∂¯ ∼= K ⊗M∗.
Proof. Since the first Chern class of products of line bundles on J∗ is additive, i.e.,
c1(ξ1 ⊗ ξ2) = c1(ξ1) + c1(ξ2), it follows from Equation (4.16) that Det ∂¯ ∼= K ⊗M∗
where K is (the restriction of) the bundle K ∼= O(1) → J ∼= CP 1. The discriminant
∆(t) = 273t2(t − 1)9 vanishes at t0 ∈ {0, 1,∞}. At each point t0, we compute the
holonomy of ∆(t)1/12 (after fixing a base point of a smooth fiber) by encircling the
point t0 via the path t = t0 +
1
2
e2πiǫ and calculating the result as ǫ → 1. At t0 = 0,
we obtain ∆1/12(t0) 7→ eπi/3∆1/12(t0). Similarly, at t0 = 1, we obtain ∆1/12(t0) 7→
eπi/2∆1/12(t0), and at t0 = ∞, we obtain ∆1/12(t0) 7→ eπi/6∆1/12(t0). The smallest
subgroup of U(1) that contains these generators is Z12. Furthermore, this holonomy
is not present in the holomorphic cotangent bundle on CP 1, we conclude that the
desired flat line bundle M∗ with Z12-holonomy exists as claimed. 
We offer the following interpretation of the anomalies: when t 6= 0, 1,∞, the auto-
morphism group of the elliptic curve Et is isomorphic to Z2. When t = 0, 1,∞, the
automorphism group is is isomorphic to Z4,Z6, and Z4, respectively [Ser73]. These
points give rise to the global anomaly. The jumping behavior in the symmetry of the
elliptic fibre is also called the holomorphic anomaly ; see [Bos87].
The flat holomorphic line bundle M∗ → J∗ can be extended to a line bundle
M→ J with a flat meromorphic connection ∂¯t that has only regular singular points.
This follows from the Riemann-Hilbert correspondence which asserts that the restric-
tion to J∗ is an equivalence of categories between the category of flat meromorphic
connections on J with only regular singular points and holomorphic on J∗ and the
category of flat holomorphic connections on J∗ [Del70]. Here, it simply means that
there exists a trivialization on a flat line bundle M→ J so that, when restricted to
a punctured disc D∗t0 around any point t0 ∈ J −J∗, the ∂¯t-operator onM is given by
∂¯t
∣∣∣
D∗t0
= ∂¯ − a dt
t− t0 + η ,(4.17)
where a ∈ C and η ∈ Ω1 is a holomorphic one-form on Dt0 . We have the following:
Proposition 4.8. The flat holomorphic line bundle M∗ → J∗ extends to a line
bundle M→ J with a flat meromorphic connection and regular singular points over
J − J∗.
Proof. Let (M∗, ∂¯) be the holomorphic flat connection on J∗. When restricted to a
punctured disc D∗t0 around a point t0 ∈ J − J∗, it is therefore determined by some
monodromy matrix A ∈ U(1). Taking logarithms, there exists a ∈ u(1) such that
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A = exp (2πia). Then, the meromorphic connection on Dt0 given by ∂¯ − a dtt−t0 has flat
sections of the form t 7→ v exp (a log (t− t0)) for any v ∈ C∗. These sections have
monodromy around t0 given by A = exp (2πia), so have their restriction to D
∗
t0 . 
.
5. Twisting and anomaly cancellation
The Riemann-Roch-Grothendieck-Quillen (RRGQ) formula has a twisted analogue,
similar to the twisted version of the signature theorem in Equation (3.9). However,
to state this formula we will replace the Jacobian elliptic surface S → J given by
Equation (4.6) with a Jacobian elliptic surface π : Z → B whose Weierstrass model
has only nodes, i.e., fibers of Kodaira-type I1; we will explain below how such a
surface can be constructed using Corollary 4.1. This setup has the advantage that
the total space of Equation (4.6) is smooth, and no additional blowups are needed to
move from its total space to Z.
Let ξ → Z be a holomorphic vector bundle of rank r with a smooth Hermitian
metric. Then there is a unique unitary connection on ξ compatible with its holo-
morphic structure [FM94]. Using this connection we can compute the Chern classes
ci(ξ) for i = 1, 2. We also obtain a twisted Cauchy-Riemann operator ∂
ξ
t on any
smooth elliptic curve Et in the fibration π : Z → B coupled to the restriction of the
holomorphic bundle ξ given by
∂¯ξt : C
∞
(Et, ξ∣∣∣
Et
)→ C∞(Et, KEt ⊗ ξ∣∣Et) .(5.1)
For the family of twisted operators {∂¯ ξt }t∈B a determinant line bundle Det ∂¯ ξ → B
together with a Quillen metric ‖·‖Q can be constructed as before; see [ASZ84,Bos87].
The analogue of Theorem 4.6 is the following:
Theorem 5.1 (Twisted RRGQ). In the situation described above, the generalized
first Chern class of the determinant line bundle Det ∂¯ ξ is given by
c1
(
Det ∂¯ ξ, ‖ · ‖Q
)
= r · c1
(
Det ∂¯, ‖ · ‖Q
)− ∫
X|B
c2(ξ) ,(5.2)
where c2(ξ) is the second Chern class of the holomorphic vector bundle ξ → Z of
rank r assumed to satisfy c1(ξ) = 0. Here,
∫
X|B
c2(ξ) is understood as integrating the
four-form c2(ξ) over the vertical fibers of π : Z → B.
Notice that Equation (5.2) is the generalization of Equation (3.9) for families.
However, the last term on the right hand side of Equation (5.2) now yields upon
integration a two-form on the base of the fibration. As we will show, Theorem 5.1
then implies that we can always choose the holomorphic vector bundle ξ in such a
way that the local anomaly of the determinant line bundle is cancelled.
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5.1. The generic elliptic surface. As an application of Corollary 4.1, we will con-
sider the case of the most generic rational Jacobian elliptic surface Z → B ∼= CP 1.
This is, a Jacobian elliptic fibration whose only singular fibers are twelve nodes, i.e.,
fibers of Kodaira-type I1. This means that the discriminant ∆(t) has 12 distinct
simple roots, and we have
∆(t) =
12∏
i=1
(t− ti) ,(5.3)
for the distinct points t1, . . . , t12 ∈ B, and we set B∗ = B − {t1, . . . , t12}. It was
shown in [OS91] that this Jacobian elliptic surface exists; it was denoted by #1 in the
complete classification of rational Jacobian elliptic surfaces in [OS91]. It follows from
general arguments in [Kod63] that the total space of Equation (4.3) is rational and
smooth. Similarly, there is the Jacobian elliptic surface where g2 and g3 are generic
polynomials of degree 8 and 12, respectively, and the total space of Equation (4.3)
is a smooth K3 surface. In this case, the singular fibers are 24 nodes, i.e., fibers of
Kodaira-type I1, and one has a discriminant ∆(t) with 24 distinct simple roots, i.e.,
∆(t) =
24∏
i=1
(t− ti) ,(5.4)
for the distinct points t1, . . . , t24 ∈ B, and we set B∗ = B − {t1, . . . , t24}. We can
adopt the construction of the holomorphic determinant line bundle from Section 4.4
to obtain Det ∂¯ → B∗ in both cases. The only difference between the case n = 1
(rational surface) and n = 2 (K3 surface) is that the degree of the holomorphic map
j(t) = j(τ) is 1 or 2, respectively. We adopt the proofs of Theorem 4.6, Lemma 4.7,
Lemma 4.2, and Proposition 4.8 to obtain the following:
Corollary 5.2. Let Z → B ∼= CP 1 be the Jacobian elliptic surface whose Weierstrass
model has 12n singular fibers of Kodaira-type I1 for n = 1 (rational surface) or
n = 2 (K3 surface). The generalized first Chern class of the determinant line bundle
Det ∂¯ → B∗ is given by
c1
(
Det ∂¯, ‖ · ‖Q
)
= − 1
12
(
12n∑
i=1
δ(t=ti)
)
+ c1(K)(5.5)
with K = π∗KZ|B ∼= O(n) → B. Moreover, there is a flat holomorphic line bundle
M∗ → B∗ with a Z12-holonomy such that Det ∂¯ ∼= K ⊗ M∗. In turn, the flat
holomorphic line bundle M∗ → B∗ extends to a line bundle M → B with a flat
meromorphic connection ∂¯t for t ∈ B∗ given by
∂¯t = ∂¯ − 1
12
12n∑
i=1
dt
t− ti .(5.6)
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Roughly speaking, pulling back the curvature from Det ∂¯ → J∗ has the effect of
spreading out the current contributions over different points on the elliptic fibration,
while the total flux of the current contributions is fixed by deg∆ = 12n. In fact, the
canonical section s in Theorem 4.4 has holonomy given by ∆1/12 7→ eπi/6∆1/12. Hence,
the nontrivial holonomy group of M∗ is Z12 ⊆ U(1). We also make the following:
Remark 5.3. It follows from results in [SS88, Mal11] that for a Jacobian elliptic
surface Z → B ∼= CP 1 with only nodes in its Weierstrass model a suitable notion
of a ∂¯-operator and its regularized determinant can be established for all fibers, in-
cluding the nodes, so that the meromorphic connection in Equation (5.6) arises as a
meromorphic connection of the extended determinant line bundle over B.
The invariant computed in Equation (5.5) from the family of fiberwise signature
operators is a refined invariant of the elliptic fibration Z → B, compared to the index
of the signature operator on the total space Z in Equation (3.8). General topological
arguments show that the latter is simply −8n for n = 1 (rational surface) or n = 2
(K3 surface).
5.2. The Poincare´ line bundle. Let π : Z → B ∼= CP 1 be the Jacobian elliptic
surface with a zero-section denoted by σ : B → Z and a Weierstrass model with
12n singular fibers of Kodaira-type I1 for n = 1, 2. Then, Z is the total space of
Equation (4.3), is smooth, and a rational surface for n = 1 and aK3 surface for n = 2.
This is important because it means that we can simply ignore all singularities when
constructing the fiber product of Z. We also assume that the group of sections for
the Jacobian elliptic surface Z admits no two-torsion. This will allow the restriction
of a holomorphic SU(2) bundle ξ → Z of rank two to every fiber Et = π−1(t) to be
an extension bundle.
We first build a rank-two SU(2) bundle over a smooth elliptic curve E . It follows
from results in [Ati57] that a rank-two vector bundle V → E is a (semi-stable) holo-
morphic SU(2) bundle if and only if V ∼= N1 ⊕N2 for two holomorphic line bundles
N1,N2 → E with N1 ⊗ N2 ∼= O. For simplicity, we assume that the line bundles
N1,N2 have degree zero. Then, there are unique points q1, q2 ∈ E such that N1,N2
each have a holomorphic section vanishing at a point q1 and q2 respectively, and a
simple pole at p =∞, i.e., the neutral point of the elliptic group law. Using the group
law on E , the condition N1 ⊗ N2 = O implies q1 + q2 = 0. Hence, we write q1 = q,
q2 = −q, and V = O(q− p)⊕O(−q− p). For each such a pair (q,−q) ∈ E × E , there
is a meromorphic function w = a0−a2x on E given by Equation (4.3) with a0, a2 ∈ C
that vanishes at q and −q and has a simple pole at p. That is, we think of the points
±q ∈ E as given by the coordinates
x =
a2
a0
, y = ±
√
4
(
a2
a0
)3
− g2 a2
a0
− g3 .
We also introduce the Poincare´ line bundle: for a smooth elliptic curve E , the
degree-zero holomorphic line bundles over a smooth elliptic curve E are parameterized
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by E itself since each point q ∈ E corresponds to the line bundle O(q−p). We denote
by ∆ the diagonal in E × E . The Poincare´ line bundle P → E × E is obtained from
the divisor
D = ∆− E × {p} − {p} × E ,
by setting P = OE×E(D) so that P|{q}×E ∼= P|E×{q} ∼= O(q − p).
Now let the elliptic curve E vary over the elliptic fibers Et of the Jacobian elliptic
surface Z → B ∼= CP 1 with t ∈ B such that the point at infinity in each fiber is given
by the zero section p = σ(t). Next, we consider a pair of points ±q which are the
solutions of w = a0−a2x = 0 where the coefficients ai are sections ai ∈ Γ(B,R⊗L−i)
for a non-trivial holomorphic line bundle R → B and the normal bundle L → B
introduced at the end of Section 4.2. In this way, the vanishing locus of the global
section w ∈ Γ(B,R) defines a ramified double covering CR ⊂ Z of B, called a spectral
double cover.
From the total space Z we form the fibre product, given by
Z ×B Z = {(z1, z2) ∈ Z × Z | π(z1) = π(z2)},
with a holomorphic projection map π˜ : Z ×B Z → B given by π˜(z1, z2) = π(z1); this
is well defined by virtue of the definition of Z ×B Z and π(z1) = π(z2). For t ∈ B, we
have π˜−1(t) = Et × Et with Et = π−1(t). From the spectral cover CR ⊂ Z we obtain,
by using the fibre product, the topological subspace CR×B Z ⊂ Z×B Z with z1 ∈ C.
The map π2 : CR ×B Z → Z obtained by forgetting z1 is a two-fold covering.
The equation z1 = z2 forms a divisor ∆ ⊂ Z ×B Z. The Poincare´ line bundle
P → Z ×B Z on the Jacobian elliptic surface π : Z → B with section σ is obtained
from the divisor
D = ∆− Z × σ − σ × Z ,
by setting P = O(D) ⊗ π˜∗L where L → B is the aforementioned normal bundle of
the Jacobian elliptic fibration π : Z → B. By restriction, we obtain the restricted
Poincare´ line bundle PR → C×BZ. Using results of [FMW97], we have the following:
Proposition 5.4. Given a spectral double cover CR ⊂ Z → B corresponding to an
ample line bundle R → B, the bundle
ξ = π2∗
(PR)→ Z(5.7)
is a rank-two holomorphic SU(2) bundle over Z.
Proof. For any z ∈ Z which is not in the branching locus of π2 with t = π(z) ∈ B,
we have CR,t = {y1, y2} and
ξz = P(y1,z) ⊕ P(y2,z) .
Thus, the restriction of ξ to Et = π−1(t) is a sum of degree-zero line bundles given by
ξ
∣∣∣
Et
= O(− q(t) + σ(t))⊕O(q(t) + σ(t)) ,
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where ±q(t) are obtained as the solutions with x-coordinate given by w = a0(t) −
a2(t) x = 0. The restriction of ξ to any such fiber Et = π−1(t) carries a flat SU(2)
connection. At the branching points of π2 the preimage of t ∈ B is a point of
multiplicity two. Thus, the restriction ξ|Et is a non-trivial extension of a line bundle
by a second isomorphic line bundle. This restriction bundle admits no flat SU(2)
connection. To fit these two types of bundles together to form a holomorphic bundle
on Z we replace some of the flat bundles by non-isomorphic, S-equivalent bundles. It
follows from the results in [FM94] that after fitting these bundles together, we obtain
a bundle with a Hermitian SU(2) connection. 
The following is a crucial computation in [FMW97] which we cite without proof:
Lemma 5.5. In the situation of Proposition 5.4 we have π∗c2(ξ) = c1(R).
5.3. Cancelling the local anomaly. We now prove our main theorem:
Theorem 5.6. Let Z → B ∼= CP 1 be the Jacobian elliptic surface whose Weierstrass
model has 12n singular fibers of Kodaira-type I1 over {ti}12ni=1 for n = 1 (rational
surface) or n = 2 (K3 surface). Let CR ⊂ Z → B be the spectral double cover
corresponding to the line bundleR = O(2n)→ B that yields the rank-two holomorphic
SU(2) bundle ξ = π2∗
(PR) → Z. Then, the generalized first Chern class of the
determinant line bundle Det ∂¯ ξ → B∗ is given by
c1
(
Det ∂¯ ξ, ‖ · ‖Q
)
= −1
6
(
12n∑
i=1
δ(t=ti)
)
.(5.8)
In particular, there is no local anomaly.
Proof. In Theorem 5.1 we use the rank-two (r = 2) bundle ξ → Z constructed in
Proposition 5.4 with the contribution coming from the twist computed in Lemma 5.5
and Corollary 5.2. The continuous part of the first Chern class of the determinant
line bundle Det ∂¯ ξ → B∗ is given by
r · c1(K)− π∗c2(ξ) = r · c1(K)− c1(R) .
It follows from Corollary 5.2 that for R ∼= O(2n) the continuous part of the first
Chern class vanishes. Notice that a global section w ∈ H0(B,R) (defining the rank-
two holomorphic SU(2) bundle ξ → Z) exists because the bundle O(2) is already very
ample and defines an embedding CP 1 →֒ CP 2 by [z0 : z1] 7→ [z20 : z0z1 : z21 ]. 
The global anomaly, represented by the current contributions in Equation (5.8), is
of critical importance in string theory [Fre89]. In fact, the global anomaly sheds light
on why certain extended objects, called D-branes, short for Dirichlet membrane, have
to be inserted when constructing string compactifications. The traditional approach to
producing low-dimensional physical models out of high-dimensional theories such as
the string theories and M-theory has been to use a specific geometric compactification
of the “extra” dimensions and derive an effective description of the lower-dimensional
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theory from the choice of geometric compactification. However, it has long been rec-
ognized that there are other possibilities: for example, one can couple perturbative
string theory to an arbitrary superconformal two-dimensional theory (geometric or
not) to obtain an effective perturbative string compactification in lower dimensions.
One way of making an analogous construction in non-perturbative string theory is
to exploit the nonperturbative duality transformations which relate various compact-
ified string theories (and M-theory) to each other. This idea was the basis of the
construction of F-theory [Vaf96].
In a standard compactification of the type IIB string, τ is a constant and D7-
branes (D-branes are typically classified by their spatial dimension) are absent. Vafa’s
idea in proposing F-theory [Vaf96] was to simultaneously allow a variable τ and the
D7-brane sources, arriving at a new class of models in which the string coupling is
never weak. Thus, one of the fundamental interpretations of F-theory is in terms of
the type IIB string, where it depends on three ingredients: an PSL(2,Z) symmetry
of the theory, a complex scalar field τ (the axio-dilaton) with positive imaginary
part (in an appropriate normalization) on which PSL(2,Z) acts by fractional linear
transformations, and D7-branes, which serve as a source for the multi-valuedness of τ
if τ is allowed to vary. To do so, one needs to know what types of seven-branes have
to be inserted. It turns out that there is a complete dictionary between the different
types of seven-branes which must be inserted and the the possible singular limits
in one-parameter families of elliptic curves given by the work of Kodaira [Kod63b]
and Ne´ron [Ne´r64]. Thus, any Jacobian elliptic surfaces π : Z → B ∼= CP 1 is
a good candidate for such an F-theory background in an eight-dimensional string
compactifications. However, because of supersymmetry considerations only the case
n = 2 in Theorem 5.6, that is Z is a K3 surface, turns out to be viable.
For a trivial family of elliptic curves, the family of ∂¯ operators has no current
contributions and no global anomaly. In contrast, the total space of the Jacobian
elliptic surface π : Z → B ∼= CP 1 in the case n = 2 (K3 surface) in Theorem 5.6 can
now be interpreted as an F-theory background with a variable τ and 24 disjoint D7-
branes inserted into the physical theory. In the context of the physical description
of the corresponding compactification of the type IIB string theory, Theorem 5.6
provides an explanation why and where these D7-branes have to be inserted: they
have to be inserted at the points where ∆(t) = 0 in order to cancel the current
contributions of the generalized first Chern class of the determinant line bundle which
plays a key role in the description of the path integral description of the effective
physical theory [FW99].
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